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Abstract
In this paper, the Wheeler-DeWitt (WDW) equation is derived in null-foliated
4D spacetimes. WDW equation written in null-foliated spacetime presents an
enormous simplification compared to the spacelike-foliated spacetime as the null-
foliations are 2D. Under appropriate conditions, these can be solved exactly to
give the partition function of non-critical strings as a solution. This establishes
a correspondence between null surfaces in 4D to string worldsheet geometry.
Attempts are made to derive the physical consequences of this correspondence.
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1 INTRODUCTION AND SUMMARY OF RESULTS
1 Introduction and Summary of Results
Quantum cosmology is an attempt to apply quantum mechanics to the whole cosmos. The in-
gredient central to this discussion is the Wheeler-DeWitt equation (WDW), originally derived
in 3+1 foliated spacetimes [1]
HˆΨ =
[
−4κ2Gijkl δ
2
δhijδhkl
+
√
h
4κ2
(
−3R+ 2Λ + 4κ2Tˆ 00ˆ
)]
Ψ = 0 (1)
where Ψ is called the wavefunction of the universe and is a wavefunctional over the space of
metric hab which is the metric induced on the spacelike foliation. G is the DeWitt supermetric
given by
G(ij)(kl) = 1
2
√
h
(
hikhjl + hilhjk − 2hijhkl
)
(2)
Solving the above equation is difficult because the metric components and the matter field
(here a scalar field) together form the superspace
Riem(Σ)
Diff0(Σ)
(3)
where the subscript zero deonotes diffeomorphisms connected to identity and
Riem(Σ) ≡ {hij(x),Φ(x)|x ∈ Σ} (4)
which is infinite dimensional due to the label xi on the foliation Σ. The way around this prob-
lem is to truncate the degrees of freedom and obtain approximate solutions by considering
’minisuperspaces’ where the labels xi’s are dropped and therefore, the superspace becomes
6+1 dimensional. This is justified by arguing that cosmologies are isotropic and homogenous,
so finding a solution at a point xi ∈ Σ is the same as finding a solution at a point xj ∈ Σ,
so the position labels can be dropped [1]. However, exact solutions may be obtained through
novel techiniques as done in [2]. Another problem WDW equation faces is the lack of a prob-
abilistic interpretation of Ψ [3]. In quantum mechanics (QM), probabilistic interpretation is
facilitated by the continutity equation which is not possible here because WDW is of the form
HΨ = 0 while QM is of the form HΨ = −i∂tΨ which is another problem faced by WDW i.e.
the problem of time [4].
In this paper, attempts have been made to find exact solutions to WDW by exploiting the
simplicity of the equation in 2+2 foliated spacetime. In 2+2 foliation the WDW in the case
of pure gravity looks like
[
piCDK˜CD + pi
vNAu DANv −
Nv
16pi
√
σ( (2)R+ Λ− 2N−1v D2Nv) +
8piNv√
σ
piAv pi
v
A
+DA(pivANv) + pi
v
AD
ANv]Ψ = 0 (5)
2
2 NULL-FOLIATED SPACETIMES
which may be treated as the main result of this paper. This equation may seem much more
complicated than its 3+1 counterpart, but it can be easily simplified by making use of the
coordinate freedom to set NAu to zero and by working with the ansatz
Ψ = exp(− i
8pi
∫
d2x
√
σNAv DA lnNv) ψ (6)
where the Dirac quantization procedure has been implicitly assumed. The submanifolds of
the spacetime is assumed to be integrable which also contributes to the simpler form above.
Integrability of submanifolds and its consequence is discussed in Section 2. This leads to a
simplified version of the WDW equation
[
piCDK˜CD − Nv
16pi
√
σ( (2)R+ Λ)]ψ = 0 (7)
Notice that unlike its 3+1 counterpart the above form is only first-order in the momenta1
which is an enormous simplification. The outline of the paper is as follows. Starting from
Section 2, a null foliation of the spacetime is constructed in a manner analogous to the
construction of the usual 3+1 foliation. By choosing one of the null directions as time,
towards the end of the section, we provide the Hamiltonian formalism for the null-foliated
spacetime. In Section 3, Dirac’s quantization procedure is implemented to get the WDW for
the case of both pure gravity and matter-coupled gravity. Exact solutions to both are obtained.
These solutions are basically partition functions of non-critical strings. After the solutions
were found, attempt was made to show its consistency with the momentum constraint. And
finally, attempts were made to seek out physical consequence of this formalism. Here, the
correspondence established betweeen null surfaces and string worldsheet geometry in Section
3, was exploited to justify punctured null surfaces i.e. null surfaces with some points excluded,
which turns out to be nothing but cosmic strings.
2 Null-foliated spacetimes
An attempt is made to do a 2+2 foliation of our spacetime which can be achieved through [5]
σµν = gµν + 2l(µnν) (8)
where σ is the metric on the folia where lµ and nν are null vectors normal to the foliation
satisfying
l2 = n2 = 0 l · n = −1 (9)
Analogous to the 3+1 foliation of the spacetime, we define optical scalars u and v such that
lµ = −Nu∂µu nµ = −Nv∂µv (10)
We would also like to define
uµ =
∂yµ
∂u
vµ =
∂yµ
∂v
eµA =
∂yµ
∂xA
(11)
1As in momenta conjugate to the induced metric σij on the null 2-surface.
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where yµ are the spacetime coordinates and xA are the coordinates on the folia with A = (1, 2).
Obviously, lµe
µ
A = nµe
µ
A = 0. Since, u
µ and vν must be identified with tangent vectors to null
curves. Therefore, we may write the following decomposition
uµ = Nun
µ + eµAN
A
u v
µ = Nvl
µ + eµAN
A
v (12)
whereNAu andN
A
v are analogous to the shift. Using the above we may now write the spacetime
metric as
ds2 = −2NuNvdudv + σAB(dxA +NAu du+NAv dv)(dxB +NBu du+NBv dv) (13)
or more explicitly
gµν =

 N2u −NuNv +Nu ·Nv−NuNv +Nu ·Nv N2v N
A
u
NAv
(NAu )
T (NAv )
T σAB

 (14)
where N2 ≡ N iNi.2 From the above it can be shown that √g = NuNv
√
σ (Appendix). For
the sake of completeness, the inverse of the metric is also displayed
gµν =
1
NuNv

 0 −1−1 0 −N
A
v
−NAu
−(NAv )T −(NAu )T NuNvσAB + 2N (Au NB)v

 (15)
With Nu = Nv, the metric (13) is in agreement with the form obtained in Eq. (12) of [6].
Similar methods were employed in [7] to derive a metric similar to (13). But this paper will
stick to the form derived above because of its familiarity with the metric obtained in 3+1
foliation [5].
2.1 Gauss-Coddazi relations
Analogs of the Gauss-Coddazi relations can now be obtained. For a full derivation see the
Appendix A. Here only the final results are stated
(2)Rλ ǫµν = σ
λ
τ σ
δ
ǫσ
α
µσ
ρ
ν
(4)Rτ δαρ −K λµ K˜νǫ − K˜ λµ Kνǫ +K λν K˜µǫ + K˜ λν Kµǫ (16)
From which we obtain,
(2)R = (4)R+ 4 (4)Rµν l
µnν − 2 (4)Rµνρσlµnν lρnσ − 2KK˜ + 2KµνK˜µν + t.d. (17)
where Kµν = σ
α
µσ
β
ν∇αlβ , K˜µν = σαµσβν∇αnβ. Hence, the Einstien Hilbert action thus becomes
SEH =
1
16pi
∫
dudv
{∫
Σ
d2xNuNv
√
σ
[
(2)R+ Λ− 2KK˜ + 2KµνK˜µν − 2Knλ∇λ lnNv − 2K˜lλ∇λ lnNu
+
1
2
|ωA −DA ln(Nu/Nv)|2 + 2DA(lnNu)DA(lnNv)
]}
(18)
2The vector dual to NAu is defined as N
u
A for notation convinience.
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2.2 Hamiltonian formalism
We need to find momenta conjugate to σab. So, we define
σ˙AB ≡ LuσAB = (2NuK˜AB +DANuB +DBNuA) (19)
The second equality is derived in the Appendix. Hence, we may write
δK˜AB
δσ˙CD
=
1
2Nu
(δCAδ
D
B + δ
C
Bδ
D
A ) (20)
Therefore, the conjugate momenta is now given by
piCD =
δK˜AB
δσ˙CD
δS
δK˜AB
=
1
8pi
Nv
√
σ(KCD −KσCD − σCDlλ∇λ lnNu) (21)
Therefore, we have
H = piCDσ˙CD + piAv N˙vA + pivN˙v − L
= Nu[pi
CDK˜CD + pi
vNAu DANv −
Nv
16pi
√
σ( (2)R+ Λ + 2DA(lnNu)D
A(lnNv))] + 2pi
ABDAN
u
B
− 8piNuNv√
σ
piAv pi
v
A + pi
v
A[∂vN
A
u + [Nu, Nv]
A] (22)
where t.d. stands for total divergence. For additional details, refer the Appendix A.1.
3 Wheeler-De Witt equation
We will implement the Dirac’s quantization procedure to (112-113) with the following replace-
ment [1]
piij → −i δ
δσij
, piΦ → −i δ
δΦ
, piv → −i δ
δNv
, pivi → −i
δ
δN iv
(23)
Implementing the hamiltonian constraint gives
[
piCDK˜CD + pi
vNAu DANv −
Nv
16pi
√
σ( (2)R+ Λ− 2N−1v D2Nv) +
8piNv√
σ
piAv pi
v
A
+DA(pivANv) + pi
v
AD
ANv]Ψ = 0 (24)
Notice the enormous simplification in the null-foliated spacetime. Since, there are no time
derivatives of NAu in (18), therefore, N
A
u is non-dynamical and can be set to anything con-
vinient. It is set to zero here. Now, we write the following ansatz for the solution
Ψ = exp(− i
8pi
∫
d2x
√
σNAv DA lnNv) ψ (25)
so that (24) becomes
[
piCDK˜CD − Nv
16pi
√
σ( (2)R+ Λ)]ψ =
1
16pi
√
σ(K¯NAv DA lnNv + 2K¯
CDNvCDD lnNv)ψ (26)
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Now, consider
∂uDAφ ≡ LuDAφ = eµALu∇µφ (27)
where LueµA = 0 was used. Threfore, we have
∂uDAφ = e
µ
A(u
ν∇ν∇µφ−∇νφ∇νuµ)
= eµA[∇µ(uν∇νφ)−∇νφ(∇νuµ +∇µuν)]
= DA∂uφ+N
−1
v ∂uφ∂uN
v
A −DBφ∂uσAB
= DA∂uφ− ∂uφ ωA −DBφK˜AB (28)
where in the third equality Lugµν = ∇µuν + ∇νuµ was used and in the last equality (106)
and (19) was used. The choice Nu = 1, N
A
u = 0 was used as well. Now if φ = ln
√
σ, then the
above reduces to
DANv = Nv ωA (29)
Hence, (26) reduces to
[
piCDK˜CD − Nv
16pi
√
σ( (2)R+ Λ)]ψ =
1
16pi
√
σ[K¯NAv ωA + 2K¯
CDNvC ωD]ψ (30)
However, for integrable configurations, it is desirable to have ωµ = 0. To understand this
geometrically, consider the two projectors [8], [9]
σµν = gµν + lµnν + lνnµ (31)
τµν = lµnν + lνnµ (32)
The projectors are defined as maps σ : T (M) → T (Σ), τ : T (M) → T (Σ⊥) where Σ⊥ is
the subspace orthogonal to Σ at all points. τ is the induced metric on Σ⊥ and lµ, nµ are the
basis vectors of Σ⊥. Since. they are basis vectors ω = [n, l] should be zero. However, from
(29) it is seen that it is not and therefore, lµ, nµ are not surface forming. For simplicity, only
integrable Σ⊥ will be considered, therefore, only those values of NAv , Nv will be allowed which
leads to an integrable configuration i.e. ∂uN
v
A = 0. This is the minimum requirement for the
null normals to be surface forming which was inferred from (106). Therefore, for integrable
configurations,
[
piCDK˜CD − Nv
16pi
√
σ(Λ + (2)R)]ψ = 0 (33)
Now, analogous to the 3+1 foliation [1], consider the space of all Riemannian 2-metrics and
matter configurations on null hypersurfaces, Σ
Riem(Σ) ≡ {σAB ,Φ(x)|x ∈ Σ} (34)
Like the 3+1 foliation, to construct the superspace, it is required to consider only configura-
tions related to rach other by diffeomorphisms.
Riem(Σ)
Diff0(Σ)
(35)
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where the subscript zero deonotes diffeomorphisms connected to identity. Since, the 2-metric
has only three independent components, factoring out diffeomorphisms this way leaves the
2-metric with only one component [10], [11]
σAB = e
2ωηAB (36)
where ηAB is the flat metric
3. Hence, the above becomes
i
δψ
δω
+
c
24pi
√
σ (Λ + (2)R)ψ = 0 (37)
where we have written the above in a suggestive for through c = 3Nv/K˜. The above equation
has an uncanny resembelence to the PDE for the partition function of non-crtitical strings.
Indeed for constant c and appropriate value for Λ, ψ is the partition function for non-critical
strings [10]. From (36) Nv is constrained as follows
3Nv = cK˜ = c(∇ρnρ − nρ∇ρ lnNv)
= c(∂ρn
ρ + nρ∂ρ ln
√
g − nρ∇ρ lnNv) (38)
Using the coordinate freedom owing to the non-dynamical nature of Nu, N
A
u , they can be set
to Nu = 1, N
A
u = 0. Due to which the above becomes
3Nv = c ∂u ln
√
σ (39)
3.1 Consistency with the momentum constraint
The momentum constraint is given by
[pivNuDANv − 2σCADBpiBC − ∂vpivA + pivBDANBv +DB(NBv pivA)]Ψ = 0 (40)
Consider the solution obtained above
ψ = Znon−critical =
∫
DXe−iS (41)
where Z is the partition function for the action
Snon-critical =
1
4piα′
∫
d2x
√
σ
(
σAB∂AX
µ∂BXµ + µ
)
(42)
where µ = − |c|α′Λ12π . Therefore, the solution now has a schematic form ψ[σ] ∼ e−iS[σ] where
S[σ] is the action above. Now, consider the second term in the momentum constraint above
−iDB
(δψ[σ]
δσBC
)
= −i1
2
〈DC(δψ[σ]
δω
)〉 = c
48pi
√
σ DC (2)R (43)
This is the only contribution by ψ to the above constraint. The contribution to the phase
factor (25) to (40) is
2
√
σDB(Nv(BDA) lnNv) + ∂v(
√
σDA lnNv) (44)
3This is also the conformal gauge [10]. One may also work with a fiducial metric σcAB instead of ηAB .
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To derive the above, Nu was set to 1 by using the coordinate freedom associated with it. Now,
due to (29), (44) reduces to
2
√
σDB(Nv(BωA)) + ∂v(
√
σωA) = 0 (45)
which is zero as only integrable configurations were considered in the previous section. Notice
that the mometum constraint is seemingly unsatisfied. Consider the momentum conservation
DzTzz +D
z¯Tz¯z = 0
DzTzz¯ +D
z¯Tz¯z¯ = 0 (46)
where the worldsheet metric is taken to be in the conformal gauge. For the purposes of
defining OPE and vertex operators, it will be desirable to have
Dz¯Tzz = DzTz¯z¯ = 0 (47)
so that Tzz is holonomic and Tz¯z¯ is anti-holonomic [10]. But due to the Weyl anomaly
4,
Dz¯〈Tzz〉 = − c
48pi
Dz
(2)R
Dz〈Tz¯z¯〉 = − c
48pi
Dz¯
(2)R (48)
which is precisely what is seen in (43). However if these components of the stress tensor are
redefined to
T ′zz = Tzz +
c
48pi
Dz
(2)R
T ′z¯z¯ = Tz¯z¯ +
c
48pi
Dz¯
(2)R (49)
then the momentum constraint holds. This is analytic reparametrization [11] and this allows
for identification of holonomic and anti-holonomic components of the stress-energy tensor in
string theory. Here, it allows for the mometum constraint to hold.
3.2 With matter
We would now consider gravity coupled to scalar fields. The action in consideration will be
SΦ =
∫
M
d4x
√−g
(
−1
2
gµν∂µΦ∂νΦ− V(Φ)
)
(50)
Using (15) we obtain,
SΦ =
∫
M
dudvd2x
√
σ
(
− ∂uΦ∂vΦ+NAu ∂vΦ∂AΦ+NAv ∂uΦ∂AΦ
− NuNv
2
σAB∂AΦ∂BΦ−NAu NBv ∂AΦ∂BΦ−NuNvV(Φ)
)
(51)
The conjugate momenta is given by
piΦ ≡ δL
δΦ˙
= −√σ(∂vΦ−NAv ∂AΦ) (52)
4In these coordinates, the trace is Tzz¯
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Therefore, the Hamiltonian density is
HΦ = piΦΦ˙−LΦ = NAu ∂AΦpiΦ +
√
σNuNv(
1
2
σAB∂AΦ∂BΦ+ V(Φ)) (53)
Therefore, (26) becomes
(iK˜CD
δ
δσCD
+Nv
√
σ[
Λ + (2)R
16pi
− 1
2
σAB∂AΦ∂BΦ− V(Φ)])ψ = 0 (54)
It will be convinient to normalize Φ→ Φ˜ = √16pi Φ and make it dimensionless.
iK˜CD
δΨ
δσCD
+
Nv
16pi
√
σ[ Λ + (2)R− 1
2
σAB∂AΦ˜∂BΦ˜− V(Φ˜)]ψ = 0 (55)
If we look at Φ˜ which are harmonic in 2D. Then we have
iK˜CD
δ
δσCD
+
Nv
16pi
√
σ[ Λ + (2)R− 2∇2
(
Φ˜2
4
)
− V(Φ˜)]ψ = 0 (56)
If the following coordinate change is admitted (ω, Φ˜)→ (ω′, Φ˜′) = (ω + Φ˜24 , Φ˜), then because
of the superspace construction
σˆAB = e
2ω′σcAB (57)
so that
i
δψ
δω′
+
c
24pi
√
σˆ[ Vˆ(Φ˜) + (2)Rˆ]ψ = 0 (58)
Consider the solution of the form ψ = ZΦZc, where Zc satisfies (37). Then we have,
i
δZΦ
δω′
+
c
24pi
√
σˆ[ Vˆ(Φ˜)− Λ]ZΦ = 0 (59)
It is obvious that ZΦ satisfies
ZΦ = exp
(
i
c
12pi
∫
d2x
√
σˆ(Vˆ(Φ˜)− Λ)) ≡ exp (i c
12pi
∫
d2x
√
σV (Φ˜)
)
(60)
3.2.1 Consistency with the momentum constraint
The momentum constraint in the case of matter-coupled gravity reads
[pivNuDANv − (2DBpiBA − Φ,ApiΦ)− ∂vpivA + pivBDANBv +DB(NBv pivA)]Ψ = 0 (61)
If the second term is considered, then we have
(2DBpi
AB − σABΦ,BpiΦ)ψ = 0 (62)
Since, ψ ∼ e−S[σ,X]+
∫ √
σ V (Φ), with S[σ,X] which is given by (42) satisfies the above trivially5,
while the part with V (Φ) gives
2DB(
δΨ
δσAB
) = DA(
√
σV (Φ))ψ =
√
σσABΦ,BV
′(Φ)ψ (63)
Since,
√
σV ′(Φ)ψ = δψδΦ , ψ satisfies (62). Therefore, the only contribution is due to the phase
factor (25) and hence, (61) reduces to (44). And by sticking only to integrable configurations
of Σ⊥, it can be seen that the momentum constraint holds here as well.
5Thanks to analytical reparametrization.
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4 Punctured Null-Surfaces
In the previous sections, it was shown that the induced metric on the null surface is equivalent
to the metric on the string worldsheet, therefore, establishing a correspondence between null
hypersurfaces in 4D and the worldsheet geometry in string theory. Due to this correspondence,
one may postulate existence of hypersurfaces which are punctured. These punctured 2-surfaces
correspond to amplitudes in string theory 6 with vertex operators inserted at the punctured
site [13]. This can be easily understood if one looks at m-point closed string amplitude [10]
A(m) (Λi, pi) =
∑
topologies
g−χs
1
Vol
∫
DXDge−SPoly
m∏
i=1
VΛi (pi) (64)
where VΛi(pi) is a vertex opertor corresponding to the i-th state. The power of string coupling
gs is the Euler characteristic of the string worldsheet (i.e. χ). Now, the vertex operator is
normalized by the string coupling gs, so that the amplitude for a fixed topology becomes
[A(m) (Λi, pi)]χ ∼ gm−χs (65)
i.e. the Euler characteristic of the string worldsheet is not exactly χ but χ − m where m
denotes the number of vertex insertions on the worldsheet. Consider the sum
∞∑
m=0
1
m!
∫ m∏
i=1
ddpi
(2pi)d
f(pi)A(m) (Λi, pi) (66)
where f(p) is some real function. This sum augments the string action by a potential term
of the form
Spotential =
∫
d2x
√
σV (X) (67)
where
V (X) =
∫
ddp
(2pi)d
eip·Xf(p) (68)
This potential term breaks conformal invariance if V (0) 6= 0 and therefore, it is possible to
have
S =
1
4piα′
∫
d2x
√
σ
(
σAB∂AX
µ∂BXµ + V (X)
)
(69)
with V (0) = µ instead of Snon−critical. This is because in presence of the tachyonic background,
the Weyl anomaly reads7
〈T 〉 = − c
12
R− 〈 2
α′
V (X) +
V ′′(X)
2
〉 (70)
where V ′′(X) = ηµν∂µ∂νV (X) where ηµν∂µ∂ν is the D-dimensional laplacian. V (X) is not
just a potential term, it is precisely the tachyonic field and the second term in the Weyl
6This is true in both critical and non-critical strings as string theory exists for all dimensions [12].
7See Appendix C for calculational details
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anomaly is the equation of motion for the tachyon8. If V (X) is taken to be on-shell, then
the second term is zero and the Weyl anomaly is unchanged. And (37) is satisfied with ψ as
the partition function of (69) instead. Therefore, the solution ψ is now like a distribution of
punctured null surfaces. A riemann surface with n-punctures or (marked points) have Euler
characteristics given by
χ(M∗) = χ(M)− n (71)
whereM∗ is the punctured manifold while M is the unpunctured manifold. This is precisely
what is seen in (65). Consider a conformal transformation of the metric σ on M
[σ∗]ij = e2ωσij (72)
Now, we compute the the corresponding change in the Euler characterstic using the Gauss-
Bonnet theorem.
2piχ(M∗) =
∫
M∗
√
σ∗R(σ∗) (73)
Since, under the conformal transformation (72) we have,
R(σ∗) = e−2ω(R(σ)− 2∇2ω) (74)
we then have,
2piχ(M∗) = 2piχ(M)− 2
∫
M
√
σ∇2ω (75)
If ω satisfied
∇2ω = pi√
σ
δ2(x− xp) (76)
where xp is the point where the puncture is introduced, then for n such sites we will reproduce
(71). The string coupling shows itself due to the addition of 2D Einstien-Hilbert term to the
Polyakov action [10]
Sstring = Spoly +
λ
4pi
∫
d2σ
√
g (2)R = Spoly + λχ (77)
where gs = e
−λ. Hence, (65) can be understood as a consequence of the Weyl transformation
of the form (76). Therefore, string amplitudes are indeed punctured riemannian surfaces.
4.1 Flat space
In the previous section, a correspondence was established between string worldsheet and null-
hypersurfaces in 4D by where a partition function made from the weighted sum of punctured
null surfaces was shown to be a solution of the (37). Here, the consequence of such a null
surface is shown. Consider the case of flat space where (76) turns out to be
∂∂¯ω = pi δ(z − zp) (78)
8The only background field is the tachyon.
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in complex coordinates. Here, ω has a very simple answer
ω =
1
2
ln |z − zp| (79)
which means the metric on the 2-surface is
[σ∗]ij = F (u, v)[(z − zp)2 + (y − yp)2]1/2δij (80)
which has a puncture at (yp, zp) and F (u, v) is some function of the u, v coordinates. Now,
consider Nv as a constant and N
A
v = 0
9. Since, ∂u[σ∗]ij = 0, therefore, from (39) it would
mean that
F (u, v) = eAu (81)
with A being some constant so that Nv = cA/3 due to (39). For simplicity , set A = 3/c. So
that the complete 4-metric looks like
ds2 = −2dudv + e3u/c[(z − zp)2 + (y − yp)2]1/2(dy2 + dz2) (82)
The above metric satisfies the Einstien equation in the presence of the stress-energy tensor
Tµν =


− 9
16πc2
0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 (83)
This stress-energy tensor can be facilitated by a scalar field Φ. Consider the stress-energy
tensor for the action without the scalar potential (50)
Tµν = −∂µΦ∂νΦ+ gµν∂µΦ∂µΦ (84)
Consider now only the u coordinate so that after equating to (83), the field configuration is
Φ =
3
4
√
pic
u (85)
The above field configuration satisfies the Klien-Gordon equation and is also harmonic10 on
the null hypersurface. This is a flat metric whose null hypersurfaces have a puncture on it.
Consider the coordinate transformation (y − yp, z − zp)→ (Y,Z) so that the above becomes
ds2 = −2dudv + e3u/c[Y 2 + Z2]1/2(dY 2 + dZ2) (86)
A further coordinate transformation (Y,Z)→ (r sin θ, r cos θ) gives rise to
ds2 = −2dudv + e3u/cr(dr2 + r2dθ2) (87)
where θ ∼ θ + 2pi. Now, a final coordinate transformation (r, θ) → ((3R/2)2/3, 3Θ/2) gives
rise to
ds2 = −2dudv + e3u/c(dR2 +R2dΘ2) (88)
9A choice which leads to ωµ = 0, a desired configuration.
10The condition under which a solution was obtained to WDW in matter-coupled gravity in Section 3.2.
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where Θ ∼ Θ+ 6pi which looks like the metric of a spacetime containing a cosmic string [14]!
Notice, it is independent of the location of the puncture. Multiple punctures would lead to a
metric with multiple cosmic strings. Rewriting (82) for multiple punctures
ds2 = −2dudv + e
∑
i∆ie3u/c(dr2 + r2dθ2) (89)
where ∆i = ln |x−xi| where xi are the positions of the punctures, which looks like the metric
for spacetime with multiple cosmic strings [14].
5 Discussion
In the past few sections, an attempt was made to find exact solutions to the Wheeler De-Witt
equations by moving to 2+2 foliations. By doing so, it was possible to write a WDW that was
a first-order differential in the metric on the null surface. A superspace analogous to the case
of 3+1 foliation was constructed, which allowed the 2-metric to be written in the conformal
gauge. A further simplication to WDW occured by considering integrable configurations of
Σ⊥. Then it was possible to exactly solve it for constant c. However, the solutions consistency
with the momentum constraint depended on the analyticity of Tzz and Tz¯z¯. This was achieved
by analytic reparametrization of the stress-energy tensor, which finally led to the fulfillment
of the momentum constraint. This solution allows for a correspndence between null surfaces
and string worldsheet geometry which allows for punctured null surfaces which in the end
turns out to be cosmic strings. One may now take some obvious future directions like finding
a similar correspondence with superstring theory, finding other physical consequences of this
correspondence and other exact solutions to the WDW equation.
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A Derivation of Gauss-Coddazi relations
Consider a null hypersurface with two null normals lµ and nµ, which implies that the metric
on the hypersurface is
σµν = gµν − 2l(µnν) (90)
which is also taken to be the orthogonal projector. Given a Vµ ∈ T (M), we have (σ · V)ν =
Vν + nν(V · l) + lµ(V · n) ∈ T (Σ) where Σ is the null slice, therefore, σ : T (M) → T (Σ).
Hence, any p-form belonging to T (M)p maybe projected to T (Σ)p [15]. With this knowledge,
consider a vector V µ ∈ T (Σ) . Then we may write
DµDνV
λ = σαµσ
β
νσ
λ
σ∇α(DβV σ) = σαµσβνσλσ∇α(σρβσστ∇ρV τ ) (91)
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where D is the covariant derivative with respect to σµν . Now, by making use of (90), we
obtain
DµDνV
λ = (K˜µν l
ρ +Kµνn
ρσλτ )∇ρV τ − σρν(Kλµ∇ρnτ + K˜λµ∇ρlτ )V τ + σαµσρνσλτ∇α∇ρV τ (92)
where Kµν = σ
α
µσ
β
ν∇αlβ , K˜µν = σαµσβν∇αnβ are the Weingarten maps respect to the null
normals on the hypersurface and are, hence, self-adjoint. Therefore, antisymmetrizing in µ,
ν gives
(2)Rλ ǫµν = σ
λ
τ σ
δ
ǫσ
α
µσ
ρ
ν
(4)Rτ δαρ −K λµ K˜νǫ − K˜ λµ Kνǫ +K λν K˜µǫ + K˜ λν Kµǫ (93)
Taking traces to obtain
(2)R = σρδσατ
(4)Rτ δαρ − 2KK˜ + 2KµνK˜µν
= (4)R+ 4 (4)Rµν l
µnν − 2 (4)Rµνρσlµnν lρnσ − 2KK˜ + 2KµνK˜µν (94)
Since,
(4)Rµν l
µnν =
1
2
(lν(∇µ∇ν −∇ν∇µ)nµ + (l↔ n))
=
1
2
(∇µ(lν∇νnµ − lµ∇νnν) + (l↔ n)) +∇µlµ∇νnν −∇µlν∇νnµ
= t.d. +KK˜ −KABK˜AB −Klβnα∇αnβ − K˜nβlα∇αlβ + ωρlµ∇ρnµ − 2(nσ∇σnµ)(lρ∇ρlµ)
(95)
(4)Rµνρσl
µnν lρnσ = (lµlρnσ(∇µ∇ν −∇ν∇µ)nµ + (l↔ n))
= ∇ρ(lµlρnσ∇σnµ) +∇ρ(nρnµlσ∇σlµ)−Klµ(nσ∇σnµ)− K¯nµ(lσ∇σlµ)
+ ωρlµ∇ρnµ + (nσ∇σlµ)(lρ∇ρnµ)− 3(nσ∇σnµ)(lρ∇ρlµ) (96)
The following identities are stated without derivation
nµ∇µnν = nνnµ∇µ lnNv (97)
lµ∇µlν = lν lµ∇µ lnNu (98)
nσ∇σlµ = 1
2
(ωµ +Dµ ln(NuNv)− nµlσ∇σ lnNu − lµnσ∇σ lnNv) (99)
nσ∇σlµ = 1
2
(−ωµ +Dµ ln(NuNv)− nµlσ∇σ lnNu − lµnσ∇σ lnNv) (100)
ωµnσ∇µlσ = 1
2
(ωAωA − ωADA ln(Nu/Nv))− 2(nσ∇σnµ)(lρ∇ρlµ) (101)
where ω = [n, l] and where t.d. stands for the total divergences. This leads to
(2)R = (4)R+ 2KK˜ − 2KµνK˜µν + 2Knλ∇λ lnNv + 2K˜lλ∇λ lnNu
− 1
2
ωAωA + ω
ADA ln(Nu/Nv)− 1
2
|DA ln(NuNv)|2 + t.d. (102)
Similar Gauss-Coddazi relations for null foliated spacetimes were also derived in [6] using
similar techniques.
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A.1 Hamiltonian formulation
To describe a Hamiltonian, we require something akin to a time derivative. The u direction
is taken as ’time’. Hence, the defintion
σ˙AB ≡ LuσAB = eµAeνBLugµν (103)
since, LueµA = 0. Hence, we have
σ˙AB = e
µ
Ae
ν
B(∇µuν +∇νuµ) = (2NuK˜AB +NuB|A +NuA|B) (104)
where in the second equality (12) was used. The lagrangian density is given by
L = 1
16pi
√
g(4)R =
1
16pi
NuNv
√
σ
[
(2)R− 2KK˜ + 2KµνK˜µν − 2Knλ∇λ lnNv − 2K˜lλ∇λ lnNu
+
1
2
|ωA −DA ln(Nu/Nv)|2 + 2DA(lnNu)DA(lnNv)
]
(105)
To compute the hamiltonian density, another identity is needed
ωA =
1
NuNv
(∂vN
u
A − ∂uNvA +NBu DBNvA −NBv DBNuA) (106)
Now, we can compute the following conjugate momenta
piCD =
1
8pi
Nv
√
σ(KCD −KσCD − σCDlλ∇λ lnNu) (107)
pivA = −
√
σ
16pi
(ωA −DA ln(Nu/Nv)) (108)
piv = −
√
σ
8pi
K (109)
piu = piuA = 0 (110)
(110) are the primary constraints. Therefore, the hamiltonian density becomes
H = piCDσ˙CD + piAv N˙vA + pivN˙v − L
= Nu[pi
CDK˜CD + pi
vNAu DANv −
Nv
16pi
√
σ( (2)R+ 2DA(lnNu)D
A(lnNv))] + 2pi
ABDAN
u
B
+
8piNuNv√
σ
piAv pi
v
A + pi
v
A[∂vN
A
u + [Nu, Nv]
A −NvDANu +NuDANv] (111)
where [Nu, Nv]A = N
B
u DBN
v
A −NBv DBNuA. Now, computing the secondary constraints give
p˙iu = {piu,H}P.B. = piCDK˜CD + pivNAu DANv −
Nv
16pi
√
σ( (2)R− 2N−1v D2Nv) +
8piNv√
σ
piAv pi
v
A
+DA(pivANv) + pi
v
AD
ANv ≈ 0 (112)
p˙iuA = {piuA,H}P.B. = pivNuDANv − 2σCADBpiBC − ∂vpivA + pivBDANBv +DB(NBv pivA) ≈ 0
(113)
These are the hamiltonian and momentum constraints, respectively analogous to the 3+1
case [16] .
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A.2 In presence of matter
In the presence of scalar matter, the secondary constraints undergo slight modifications due
to (53). They are as follows
p˙iu = {piu,H}P.B. = piCDK˜CD + pivNAu DANv −
Nv
16pi
√
σ( (2)R− 1
2
DAΦ˜D
AΦ˜− V(Φ˜)− 2N−1v D2Nv)
+
8piNv√
σ
piAv pi
v
A +D
A(pivANv) + pi
v
AD
ANv ≈ 0 (114)
p˙iuA = {piuA,H}P.B. = pivNuDANv − (2σCADBpiBC −DAΦpiΦ)− ∂vpivA + pivBDANBv +DB(NBv pivA) ≈ 0
(115)
B Going from 3+1 foliation to 2+2 foliation
Consider a 3+1 foliated spacetime manifoldM with a metric g. The spacelike-foliation Σ will
have a 2D timelike boundary B. The induced metric h on Σ folitation obey
hµν = mµmν + gµν (116)
where m is the timelike normal of Σ normalized such that m2 = −1 [5]. Now, coming back
to the timelike boundary of the foliation, the induced metric σ on B
σµν = mµmν − rµrν + gµν (117)
where r is the spacelike normal of B and is also tangent to Σ such that r2 = 1, r ·m = 0 [5].
Now, given a timelike vector m and a spacelike vector r. One can construct
lµ =
rµ +mµ√
2
nµ =
mµ − rµ√
2
(118)
such that l2 = n2 = 0 and l · n = −1. Using the above construction, we can rewrite the
induced metric on B as
σµν = lµlµ + nµnν + gµν (119)
which is precisely the induced metric on a null-foliation of a null-foliated spacetime. Therefore,
given a 3+1 foliation, it is possible to construct a 2+2 foliation this way.
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C Weyl anomaly in presence of tachyonic background
Consider the string action augmented with a potential term as
S =
1
4piα′
∫
d2x
√
σ
(
σAB∂AX
µ∂BXµ + V (X)
)
(120)
The tachyon vertex operator is given by
V = gs
∫
d2x
√
σf(p)eip·X (121)
Now the renormalized operator is defined as [17] [12]
[F ]r = exp
(
1
2
∫
d2xd2x′∆
(
x, x′
) δ
δXµ(x)
δ
δXµ (x′)
)
F (122)
where
∆
(
x, x′
)
=
α′
2
ln d2
(
x, x′
)
(123)
where d(σ, σ′) is the geodesic distance between σ and σ′. Under a Weyl variation, the above
becomes
δW [F ]r = [δWF ]r + 1
2
∫
d2xd2x′δW∆
(
x, x′
) δ
δXµ(x)
δ
δXµ (x′)
[F ]r (124)
For F = V ,
δW [V ]r = gs
∫
d2x
√
σδω2f(p)[eip·X ]r − 1
2
gs
∫
d2x
√
σδW∆(x, x) p
2f(p)[eip·X ]r
= gs
∫
d2x
√
σf(p)(2δω − p
2
2
δW∆(x, x))[e
ip·X ]r (125)
where in the first term δW
√
σ =
√
σ2δω was used. Since, for x→ x′,
d2(x, x′) ≈ (x− x′)2e2ω (126)
hence.
δW∆(x, x) = α
′δω (127)
which implies
δW [V ]r = gs
∫
d2x
√
σf(p)(2− p
2
2
α′)δω[eip·X ]r (128)
Consider [12]
δW lnZ = − 1
2pi
∫
d2x
√
σδω〈T 〉 (129)
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But (120) leads to,
δW lnZ =
1
2piα′
〈
∫
dDp
(2pi)D
∫
d2x
√
σf(p)(2− p
2
2
α′)[eip·X ]r〉δω
=
1
2piα′
∫
d2x
√
σ〈2V (X) + α
′
2
V ′′(X)〉δω (130)
Therefore, the tachyonic contribution to the Weyl anomaly is [18]
〈T 〉tachyonic = −〈 2
α′
V (X) +
V ′′(X)
2
〉+ 〈O(α′)〉 (131)
The higher order terms in α′ can be obtained through background field perturbation theory
[11], but in absence of any other background, the higher order terms are also functional of
V (X). Since, the tachyonic contribution to the Weyl anomaly is the equation of motion for
the tachyonic field, therefore, it can be set to zero at higher orders in α′ as well by taking
V (X) to be on-shell.
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